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Introduction

this paper we study some properties of convex sublattices of distribu-
‘e lattices.

. family of all convex sublattices of a lattice L will be denoted by

1)

tion 2 contains some definitions and preliminary lemma's.

, first result of section 3 is the following: Let L be a distributive
tice and let A,BeC(L) with ACB, A # §. In theorem 1 we prove that

. family of all elements of C(L) which have the intersection A with B

. a largest element, by means of an explicit construction of this

ment from A and B. The next theorems are concerned with congruence
ations. Let Ce(CG(L). We construct the smallest congruence relation

'h that C is one of its congruence classes, and the largest congruence
.ation such that all elements of C are incongruent with respect to

.s congruence relation. Next, these results are related to the con-
‘uction of theorem 1.

section L4 we consider the lattice (C(L), <), i.e. the family of all
ivex sublattices of L, partially ordered by inclusion. We prove that

a distributive relatively complemented lattice L, all intervals

" A] of (C(L), ) are complemented. A necessary and sufficient condi-
n that (C(L), <) be relatively complemented, is that L is also dis-
ste (i.e., all intervals of L have finite lenght).

section 5 we introduce an ordering < on C(L) (i.e., the family of

. non-empty convex sublattices of L), which is a variant of the

lering by inclusion. We prove that (L), <) is a distributive lattice,
L is distributive. Next we consider the lattices C 2(L) =G{&(L)), ...
fi(L). We prove thatltfi(Bj), where Bj is the Boolean algebra with
elements, is isomorphic with the direct union of j factors Fi’ where
is the free distributive lattice with 1 generators, with an extra

‘0 and unit element adjoined.

:tion 6 is concerned with a ternary function which can be used to

iracterize convex sublatbtices of distributive relatively complemented




ices. Finally, we exhibit a set of axioms for distributive relative-

omplemented lattices in terms of this ternary function.

| indebted to A.B. Paalman-de Miranda for several helpful suggestions.

)efinitions

nition 1. Let X be a subset of a lattice L. The sets Xl’ Xr are

ned as follows:

X

{ aeL|Jx€X such that a < x},
{ aeL|xe€X such that a ZX}-

r

s easily seen that:

and r are closure-operators, i.e. for all X, YcL we have:

<X, X =X g, (XUY)l = X,UY,, and similarly for r.

ilr = Xrl = L.

f X is closed with respect to V(A) then Xl(Xr) is a Vv-ideal
A-ideal).

f X is a V-ideal (A-ideal) then X = X, (x = xr).

nition 2. Let X, Y be non-empty subsets of a lattice L. The sets

» XVY are defined as follows:

XNY
XvVvy

{xAny&X mw.er},

{xvﬂxQXamiyeﬂ.

rly, for all X, YCL we have (X/\Y)l = X;AY,, and (XVY)r =X VY.

s also easy to proveé that (XVY)l = X,V Yl, for all X, YCL, if

1
only if L is distributive (and dually).

nition 3. A subset of a lattice L is called convex if and only if

X CX.
r

his paper we are only interested in convex sublattices. The family
11 convex sublattices of L will be denoted by C(L). The family of
V-ideals (A-ideals) of L will be denoted by I(L) (Y(L)). Some of
simplest properties of C(L) are:




I(L)eC(L) and J(L)cC(L).

The intersection of a family of convex sublattices is a convex sub-
lattice.

If A is closed with respect to v and B is closed with respect to A
then A, NB eC(L).

A subset C of L is a convex sublattice of L if and only if it has
the following property: For all s c2€ C and all x€L we have:

c1/\(x vc2)€ C and c1v(x /\cg)e cC.

arly, if C€C(L) then C = ClﬁCr. Hence, each convex sublattice can
written as the intersection of a V-ideal and a A-ideal. The follo-

1g lemma proves that this "decomposition'" is unique:

ma 1. Let CEC(L), C # ¢ , and suppose that C = INJ, where I is a

.deal and-J is a A-ideal. Then I = Cl and J = Cr'

of. C=InNnJcI, hence ClCIl = I. Also, IV(INg) = C; hence,

I, c{Iv(Ing)}, = ;. Thus I = C . Similarly, J = C_.

m this lemma it follows that if C, D&C(L), and CND # @, then

’WD)l = C,ND,, and (ch)r = C.ND_.

‘inition 4. Let C, DEC(L). The smallest convex sublattice of L that
itains C and D is denoted by CWD.

m this definition it follows that if C # @, D # @, than CLD =
AD) N(CVD),.
» following two lemma's state some properties of convex sublattices

it will be used later.

ma 2. Let A, B, CeC(L), with ANB # @, BOC # ¢, and CAA # @.
m ANBNC # ¢.

of. Let x€ANB, ye BNC and z€CNA. Since x, y€B and x,z&A, we
re x A(y vz) €ANB.




consider the element {x Ay \/z)} V(yANz).
lave: xA(y vz) and y are elements of B,
x Aly vz) and z are elements of A,
YV 2z and yA z are elements of C.
efore, {xA(yvz)l v (yAz)EANBNC.

consequences of this lemma are:

n 2
f Afi(Z(L), 7 <1i<mn, and JW1 A, = @, then Aif\Aj = @, for some
l:

5 J with 1 <1, j < n.
f Ai€(3(L), 1 <1i<mn, and {51 Ai # @ for three values of
-
o A n i {
1 <J <n), then | A. # 0.
<J = AR

12 3. Let L be a distributive lattice and let C, DE€C(L) with
) = ¢. Then there exist C', D'€C(L), such that CCC', DCD',
D' = ¢ and C'UD' = L. Moreover, either C' is ay-ideal and D' is

ideal or conversely.

f. (This proof is due to P.C. Baayen).
iither Cl(\Dr = @, or Crr\Dl = (. For, suppose that there exist
:1,0

eCandd,dgeDwithc <d, and c, > d,.

1 2
hence, d. A (c

2
hen c, :’_d1 /\(c1\/d2) <c,Vve
ontradiction.

1
o

2
vd,)ECND , a

1 1 2

uppose leWDr = (. We can then apply Stone's theorem L10] to the
-ideal D .
r

'ongruence relations

rem 1. Let L be a distributive lattice, let A, B€C(L) with A CB,
@. Let C be defined as:

(AN (B\A)) ) N(ANB\A D) -

eC(L).
iMC = A,
€C(L) and DNB = A imply DCC.




of .
In order to prove that C€ C(L) it is sufficient to prove that

[ 2 : 1 i |
Ar\(B\Al)r is closed with respect to V. Let al, a2€Ar\(B\Al)r.

Clearly, alv a'eAr. Suppose that a!val! > b for some bEB\Al.

1 2 1 2

Since a%e:Ar, there exists a1€A such that a% > a,.

Then b ’ib/\a% > bAa,. Sine ACB and B is a convex sublattice, we
, and a} & (B\Al)r’

S [
3 _)_b/\a.‘.
Thus, a3\/ ah >

1

have b A a1€B, and b/\a%e‘_B. Since a% ib/\a,]

we see that bA a%éAl, so that there exists a3

Similarly, there exists aheA such that a)> b Asa
(baal)v (bnral) = bA(a] vaé) = b, which contradicts béB\Al.

1 2
1 1
We conclude therefore that ajval) eAr\(B\Al)r, where Ar\(B\Al)r

€A, with a

1
2-

is closed with respect to V (it is easy to prove that Ar\(B\Al)r

is even a convex sublattice).

. In order to prove that ACBNC it is sufficient to prove that
ACAr\(B\Al)r' It is clear that ACA . Also, it is impossible that
there exists a€A such that a > b for some beB\Al.
', Let beBNC. Then there exist a'eAr\(B\Al)r and a"€ Al\(B\Ar)l
such that a" <b < a'. From a' > b and a' & (B\Al)r we see that
bEA, . Similarly, from a" < b we infer that bE€A . Hence bEANA = A,
from which we conlcude that BNC CA.

Suppose DEC(L) and DNB = A. We have to prove that DcC. It is
sufficient to show that for each d€D and a€A: dVaéAr\(B\Al)r.
Clearly, dv a€A . Suppose that dva > b for some be‘_B\Al. Then

b =bA(dva) < (bAd)Va. Since ACB and ACD, we have (bAd)V a€B

and (bAdV a€D; hence, (bAd)V a€A. This contradicts bEB\Al.

ollary. Let L be a distributive lattice, let A, BEC(L) with ACB,
t ¢, and let C(A, B) be the largest element of C(L) which has the
;ersection A with B. Then C(A, B) = C(A, Cc(A, C(A, B))).

of. Since C(A, C(A, B)) is the largest convex sublattice which has

s intersection A with C(A, B), and since BNC(A, B) = A, we have

.c(a, c(a, B)). Thus, BNC(A ,C(A, c(a, B))) = BNnC(a, c(a, B)) N

., C(A, C(A, B))) = BNA = A,

ice C(A, B) is the largest convex sublattice which has the intersection

rith B, we have




>(4, c(A, c(a, B)))ccC(A, B).

3ince C(A, B)NC(A, C(A, B)) = A, and since C(A, C(A, C(A, B))) is
she largest convex sublattice which has the intersection A with
3(A, C(A, B)), we have

3(A, B)cc(a, c(A, C(A, B))).

from (1) and (2) the assertion follows.

s
»m this corollary it follows that C(A, C(A, B)) is the largest
:ment of the family of all elements B'@C (L) such that C(A, B) =
\, B'):
If B' = Cc(A, C(A, B)) then C(A, B') = C(4, C(a, c(a, B))) = c(a, B).
If c(A, B) = C(A, B'), then B'<C(A, C(A, B')) = c(Aa, c(a, B)).
section L4 we shall derive a sufficient condition for L in order
it for each A, B€C(L) with AcB, A # @, we have B = C(A, C(A, B)).
2arly, the corollary can be formulated more generally as a state-

1t on sets instead of on lattices.

3xt theorems are concerned with congruence relations.
s:orems 2 and 3 we investigate some general properties of congruence
lons in distributive lattices, and in theorem 5 we relate these

"ties to the construction of theorem 1.

:am 2. Let L be a distributive lattice and let K be a sublattice
Let the relation RK be defined as follows:

XRKy if and only if there exist k., k. €K such that k. Ax = kT/\y

12 72 1
and k2VX = kevy.

QK 1s the smallest congruence relation that contains K in one of

»mgruence classes.

It is clear that XRKX and that XRKy implies yRKX. Now suppose
:RKy and yRKz hold. This means that there exist k1, k2, k3, kh
ﬂmtk1Ax=1HAy,k Vx=}%vy,k

=k
2 3NV =Ky
,kjl\k NAX = k1Ak nz and k. Vk VX = k2thVZ. Since K 1is a

3 3 2 L
itice, we see that xRKz. It is easy to verify that if x RKy and

Nz and K«uvy = Kl‘,VZ'




than x/\tRKy At and thRKy\/t. Clearly, all elements of K are
x* There remains the proof that RK is the
lest congruence relation with this property. Suppose S is a con-

kgeK : k1Sk2.

ruent with respect to R

nce relation-such that for all k.,

rove that RK <8, i.e., xRKy implies xSy. From xR

e exist k. .k

xY we see that
such that k]/\x = k1/\y and k2Vx =k, vy. From k]Sk

2 2 2

ollows that x/\k] Sx Ak hence,

25
y\/(yl\k1) = y\/(x/\k1)S yv(X/\k2). also, yAk, S yAk,; hence,
X\/(X/\k1) 2), Thus,

= (yvx) N(xVvk

xv(y/\k,i)s x V(y Ak
S x.

¥V (xAk,) (yvx) N (y vk,) o) = xV(yAk,)

llary. 1. Let a,b be two elements of a distributive lattice L,

a < b, The smallest congruence relation R with the property

[2,0]
[a,b:[ is one of its congruence classes, can be defined as follows:

era b:[y if and only if aAx = aAy and bVvx = b Vy.
2

et I be a \-ideal of the distributive lattice L. The smallest congru-
relation RI which has I as one of its congruence classes can be

ned as follows:

xRI- y if and only if there exists 1ie&1I such that xVvi =yvVvi.

f.

AXx = aAy and bvx = byy is equivalent to the existence of two
lents c 13 c2e l:a,b_l with c1/\x = c1/\y and CQVX = CoV Y It can
erified directly that [a,b] is a congruence class of R[é,b]'

t is only necessary to prove that there exists i1€I with 1, Ax =

1
y. However, for each i€I we have (1AxAy)Ax = (1AxAy)Ay, and

Ayel.

rk: Gratzer and Schmidt [u] have given another definition of REi ¥
h requires a more complicated proof. Corollary 2 also occurs 1n i:d,

n with a more elaborate proof.

rem 3. Let L be a distritutive lattice and let K be a sublattice

.o We define the relation eK as follows:

X 0.y if and only if for all k k€K : k AN(xVk,) =k, A

19




3K is a congruence relation such that different elements of K

z to different congruence classes of OK. If K is also convex,
eK is the largest congruence ‘relation with this property.
. It can be verified directly that GK 1s a congruence relation.
se kT. eK k2 for some k1,k2€K. Then by the definition of GK:

k’l /\(k1 Vk2) = k}’/\(kgvkg) and

k2/\(k1 \/k1) = ke/\(kQVk1).
5 k1 _<_k2 and kgikq‘ Thus, ki = k2.

se that K is also convex, and let 0" be a congruence relation
that all elements of K belong to different congruence classes of

fe prove that 6 < 6.. Let x 8 y. Then for all k,,k, € K:

k )6 k. A(yvk :
x vk, N vV 2).
2) €K and k, /\(ka2

k,! A(xVk
yVk,), by the definition of 0.

1’

) €K we have k, A(xVk,) =

2

means that XGKy'.

ition 5. Let L be a lattice. The zero element of the lattice
1 congruence relations of L will be denoted by £, the unit element
is lattice will be denoted by TJ.

lary. Let K be a sublattice of a distributive lattice. Let RK

K be defined as in theorems 2 and 3. Then RK/\GK =Q,

6 i .
Suppose x RK/\ ok l.€6., X RKy and xeKy both hold.
K such that k, Ax = k_l/\ y
2/\(X\/1<:1) =k, A
). Also, k2\1 (x Vk‘i) =k, v(y ij)- Since L 1s distributive, we

1 2
xVk, =yvk, . Together with xNk, = yAk,, this yields x = y.

ble RKy it follows that there exist kT’k2

2VX = kgvy. However, from XGKy we see that k

he proof of theorem 5 we need-a theorem of J. Hashimoto.

ition 6. A lattice is called discrete if and only if all its

vals have finite lenght.




>rem 4., The lattice of all congruence relations of a lattice L is a

Lean -algebra if and only 1if L is distributive and discrete.
>f. See [6], theorem 8.L.

>rem 5. Let L be a distributive lattice and let CeC(L), C # @.
ceC, let Cc be the largest convex sublattice of L which has the

arsection {c} with C. Let the relation PC be defined as follows:
xFCy if and only if there exists c&C such that xe=.Cc and yeCc.

1:
3c1ncc2 =@, if c, # cye

It xeCc1 and yech, then x/\yeC{cv\c2 and XVyGCc1yc2-
[f C is an interval then FC is a congruence relation.

If PC is a congruence relation, then FC is equal to the congruence

relation eC as introduced in theorem 3.
If L is also relatively complemented then the following two asser-
tions are equivalent:

a) L 1s discrete.

b) FC is a congruence relation for each CeC(L).
f.
sice CNCq NCep = {e,fnle,l = 0, and since cnce, = {e,}, cnc, =

{02}, we conclude that CC1r\Cc2 = @, by lemma 2.
Let xeCC1, yE Cc2- We only prove that x/\yeCcV\ce. By theorem 1,
: | I ' I
there exist s e{c1}r\(c\lc1}l)r, andlte{cg.}r\((}\}cg}l)r, such that
< < 1
x < s and y < t. We show that sAteic,A cz}r (C\lc1 ’\CQ}l)r' Since
and t >

3 >c

1 Cyy W have s/\_t 2 C NC,e Suppose s_/\te(C\{c1/\cg}l)r.
This means that there exists c& C such that sAt > c, but c &

{01/\02}1. As in the proof of theorem 1, we have: ¢, > ¢ As and

25 2 ¢ At; hence, ciAC, > CASNt =c, a contradictiion. Thus, sAt €
{clACE}r\(C\{CT/\CQ}l)r' Since x < s and y < t we have xAy < sAt,
vhence x/\y’e({c1 /\ce}r\(C\{c1/\ CQ}l)r)l' Similarly, it can be

shown that xAy e({c1 /\c2}l\(C\{c1 /\ce}r)l)r. We conclude that xAy

;Ccl\c .
e
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t C be an interval, say C = {x elLla < x < bt. By 1 and 2, in or-

r to prove that [, is a congruence relation, we only have to

C
ow that UC Cc = L. By the maximality of the sets Cc’ it is suf-
ce

cient to show that for each z €L there exists a convex sublattice
mtaining z, the intersection of which with C contains precisely

le element, Let D = {yele/\z <y = a\/z} . Then D has the required
operty: if t€CAD, then a <t < b and bAz = t < avVvz; hence,
Vibaz) <t < DbA(avz). Since L is distributive, we have av (bAz)
t =bA(avz).

't ' | be a congruence relation. Clearly, all elements of C belong

C ‘
y different congruence classes of FC' By theorem 3, TC < GC.

: prove that also 6, < I' |, Suppose x 6 y, and-let xeC , y&C
C C C c, c2

= C )
1/\(c1vc‘2) c1f\(c2\/02)

nce c. Alxve,) = c A (yvcg), we have CC

1 2

= <
€., c.l/\(c1\/c2) 01/\(c2\/02) or ¢, < c,.

milarly, c from which x Tcy follows.

2SSy
't L be distributive and relatively complemented.

. Suppose L is discrete. We prove that FC is a congruence relation
v each CeC(L). As in 3, it is sufficient to show that for each
=L there exists a convex sublattice C*, containing x, which meets
in precisely one point. Let x€ L. Consider the congruence rela-
.on RC' By theorem ki, Rc*has a complement Rz
.ement of C. Then xRCVRCc, Since L is relatively complemented,

>

Ct and t Rcc.

which contains both x and t.

. Let ¢ be an arbitrary

>
: have x RCRCC’ i.e., there exists telL with x R
2t C be the congruence class of R-g

; follows that CnC* = {t}; hence, C" has the desired property.

>
Je see that R, =T this can be shown as follows:

c - ¢

a. By the corollary of theorem 3, we have RC/\FC =Q = RC/\ R'Z.
B. By 4, R, <T r,=U=Rr VE,
SR Fe e cVic =7 7 f¢¥icr
Y. Since the lattice of all congruence relations of a lattice is

Since R, \/R: =1J, we have R

distributive, we conclude that FC = R:).

. Suppose that L is distributive and relatively complemented and

18t FC is a congruence relation for each Ce€(C(L). We prove that

is discrete. By theorem L4, it is sufficient to prove that each
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ence relation of L has a complement. Let R be a congruence
on of L and let C be one of its congruence classes. Since in
ributive relatively complemented lattice each convex sublat-
s congruence class of precisely one congruence relation I:hl
e R = RC. We show that FC is the complement of RC' l"c/\Rc = Q
oved already. Let X,y be two arbitrary elements of L, and

e xeCCP yeccz, with c1,c?€ C. Then x I’Cc,l, c, R002 and

; hence, x Rcvréy, from which we conclude that RCV I‘C =17,

FC is the complement of R, = R.

ttice (C(L), ).

a lattice. In this section we study some properties of the
(L), c) i.e., tha lattice of all convex sublattices of L,
ordered by inclusion. The join operation in (C(L), c) is

y Ul(definition 4. )-

Let L be a distributive lattice, and let A,B,CeC(L).

1B # ¢ and ANC # @, then An(BwC) = (ANB)U(ANC).
\C-# @, then ALJI(BAC) = (AUB) N(ALC).

v, AN(BUC)D>(ANB)W(ANC). In order to prove that AN(BLC)
B)U(ANC), assume that a€A and a€BUC. This means that there
b1,b2€B and c1,02€C such that b1/\c1 2\/c2. Let

B and t€ANC. Then: a < avsVt = (aAb,)V(anc,)VsVt.

r, (a/\bg)VseAﬂB and (aAc,)VteANC. Thus,
.nB)\/(Anc)}l. Similarly,

nB)AANC)} .

roves that ac(ANB)J(ANC).

< a<b

5)

r to part 1.
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rem 6. Let L be a distributive relatively complemented lattice.
C, De &(L) with CCD. There exists C'« G(L) such that CNC' = @,
:' = D-

T

irst we prove that for each C&€(C(L) there exists C' such that CNC'
: § and CLUC' = L., If C = L then C' = @#. Otherwise, let x< L\C.
pplication of lemma 3 to the disjoint convex sublattices C and {x}
ields a prime ideal I, say a v-ideal, such that CNI = @. Since L
s relatively complemented, I is maximal. We prove that CL/I = L.
:CCUIC(CUI)r; hence, I = LC(CuI)r. Thus, (CLJI)I_ =1, i.e.
I = (CLJI)l. Since IcC(C LlI)l and since I is maximal, we have
Cl_lI)l =1 or (CuI)l = L. (CL}I)l = I contradicts CNI = @. We
.onclude therefore that (CLJI)l = Cyl = L.

et C,DeC(L) with CcD. Since D is a convex sublattice, D is a re-
.atively complemented (and distributive) lattice. We can therefore
ipply part 1, which yields a set C' such that:

1. CNC' = @,

). The smallest convex sublattice of D that contains C and C' is D.
1, C' is a y-ideal of D.

from b. it follows that CLC' = D (since each convex sublattice of
, which is contained in D is a convex sublattice of D). Also, C' 1is
» convex sublattice of L: It is clear that C' is a sublattice.
Suppose that c% 2 x = c'2, for some c!l, c'geC‘, xeL. Since c%,c'eec
D, we have x&D. Together with the fact that C' is a \-ideal of D

ind x < ¢!, this gives x &C'; hence, C' is convex.

?
srem 6 asserts that if L is distributive relatively complemented
;ice then each interval [(ZJ,CJ of (C(L), ¢) is complemented.

>rem 8 shows that an extra condition is necessary (and sufficient)
>rder that each interval [—C,D] of (G(L),<) be complemented (i.e.,
srder that (G (L), C) be relatively complemented).

the proof of theorem 8 we need the following theorem of J. Hashimoto:
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orem 7. The lattice of all V-ideals (A-ideals) of a lattice L is
tributive and relatively complemented if and only if L is distri-

ive relatively complemented and -discrete.
of. See- [6], theorem L.3.

orem 8.

Let L be a distributive lattice (G (L), <) is relatively complemen-
ted if and only if L is relatively complemented and discrete.

Let L be a distributive lattice. Let A,B,CeC(L) with AcBcC,

A # ¢, Then: B has at most one complement in [A,C].

of.

. Suppose L is distributive relatively complemented and discrete.
Let A,B,C be elements of (3(L) with ACBCC. We prove that there
exists B*(—‘_@(L) such that BﬂB* = A and BUB = C. We may assume
that A # @, since the case that A = @ was already treated in theo-
rem 6. ACBCC implies A/ CB CC) and A CB CC . Let N(L) be the
family of all V-ideals of L and .g(L) the family of all A-ideals.
By theorem 7, (J(L), C) and (Q(L), C) are relatively complemented.

>
Therefore, there exists B, €(L) such that B NE = A and such

1 1 1 "1
that C is the smallest Y-ideal that contains Bl and B-I. Since L
is dlstrlbutlve, this means that bl\/B_I = Cl. Similarly, there
exists B Eq such that B (‘\B A and B /\B = Cr' We prove

>

that B F\B is the relatlve complement of B in the 1nterval [A C:[
Clearlv, B, NB, nB ﬂB£= Alf‘lAr = A. Also, Bu(B nB ) =
{B/\(B ne )l N iBV(Bl’"B )b, = (Br’\(B:L”B )r)n(B v(B nB. 1
(Br/\Br) (Blv B,) = C.NC =C.

). Let L be distributive and suppose that (G(L), ) is relatively

) =

complemented. We show that then /J(L) is also relatively complemen-

ted. Theorem 7 then gives the desired result. Let ICI CI_, be three

3
elements of ™M(L). There exists C<QB(L) such that CﬁI2 =1, cid 5 =
13. Since I_]CC we have I1CCI‘; hence, 112 = LCCr. This means that

C = Cl; i.e., C is a v-ideal, from which we conclude that M(L) is

relatively complemented.
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et L be distributive, let AcBCC eC(L) with A # @, and suppose

:hat B has two relative complements BT and B* in [A,C] . As above,

2
*

‘t follows that BT]_ and B21 are two relative complements (in ML)

»>f B, in the interval [A]_,C] . Since g(L) is distributive, we have
% 1 B—x— SE 1

311 51" Similarly, B::

CE L vhence- B = Y.
1y = Bpy,» Whence = .

1 2

wk: In the assertion that complementation in each interval [A,C]
(L) is unique (for L distributive), we may not omit the condition

; A # @. This can be seen as follows: Suppose that complementation
;he whole of (G(L) is unigue, for L distributive. If L is also
itively complemented and discrete, we would have: (B(L), C) is a
;:ice in which complements always exist and unique. Together with the
rcity of (L), ©) this would give the result that GL), o) is
s:ributive ([7},-1). 57 )f; which is clearly not- the- case.

)>llary 1. Let L be a distributive lattice, let A,Be((L) with ACB,
@, and let C(A,B) be the largest element of (L) that has the
:rsection A with B (theorem 1). Then BULC(A,B) = L for all A,B, if

only if' I is relatively complemented and discrete.

f.

et L be distributive relatively complemented and discrete. Let ACB,
\ # ¢ (A,BeB(L)), and let B* be the complement of B in the interval
[4,1]. Then BNB™ = A. By the definition of C(A,B) : B CC(A,B); hence,
3LIC(A,B)DBUB = L.

hus, BUC(A,B) = L.

et L be distributive and suppose that for each A,Be(G(L) with

\CB, A # @, we have BUC(A,B) = L. In particular, if I and H are

:wo V-ideals of L with IcH, we have iuC(I,H) = L. By theorem 1,
NI,H) = (L \(E\LL), ) N (T NI ) )y = (INE\L) ) O (L\(E\D) ), =
>A(L\(E\T) ), = (L\(E\I) );. Thus, C(I,H) is a V-ideal and we see
;hat each interval [T,L] of (L) is complemented. Since (L and) M(L)
.s distributive, ﬁ(L) is relatively complemented. By theorem 7, L

.s then relatively complemented and discrete.
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>llary 2. Let L be a distributive relatively complemented and dis-
te lattice, let A,Be (L) with A< B, A # @. Let C(A,B) be defined
in corollary 1. Then we have: C(A,C(A,B)) = B.

>f. By corollary 1, we have

BNC(A,B) = A and BLC(A,B) = L,

(A,C(A,B)) N C(A,B)

I

A and C(A,C(A,B))._iC(A,B) = L.
yueness of complementation in |A,L| yields B = C(4,C(A,B)).

fhe lattice (L(L), =)

:his section we study a partial ordering on (.(L) which is a variant

:he ordering by inclusion. (-(L) is used to denote the family of

non-empty convex sublattices of L).

.nition 7. Let L be a lattice and let C,DE .(L). We define the

:ial ordering < as follows:

C <D if and only if C- Dl and D(.Cr.

12 5. < is a partial ordering on .(L).

»f. We prove only anti-symmetry. Let C,DEG(L), with C < D and D < C.

- . - N = - B
1 CcD DC:Cr, DCCl and C<"Dr Hence, C Dl ‘Dr D and Dc Cl’ Cr

l’
, which gives C = D.

1a 6. Let Ce(B(L). C is a Vv-ideal (A-ideal) of L if and only if
(¢ i_L).

T

‘rom C < L we see that L Cr’ whence C = le\L B Cl'

et I be a -ideal. Clearly, 1. L =1L. Also, L i , since L = L, =1
1 r 1r

s 7. Let C,De(L). Then C < D if and only if CAD = C (C\D = D).

»f. Follows directly from the definitions.

v
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rem 9. ILet L be a distributive lattice. Then (C(L), <

utive lattice.

f.

,0e€C(L) implies cADel(L):

Clearly, (c1/\d1)/\(c2/\d2)€C/\D.
(c,nd)vie,ndy) = {e,vie,nd)ta{a v (e nd,)le
Suppose c1/\d <x =< c2/\d2, for some x eL. Then:

1
< xVe, < c1v(c2/\d2); hence, XVCWQC' Also, XV
)/\(xvd1)€C/\D.

c
1
whence x = xV(c1/\dl) = (x ve
imilarly, CcV De G(L).

he commutative. assoclative and absorption laws follow

1

istributivity is proved by showing that, for C,D,E€ G(
A(DVE) = (CAD) v (CAE).

It is clear that CA(DVE)C(CAD) v(C AE).

Let (cjl\d)\/(cg/\ e) €(CAD) V(CAE). Then:
(c,nd)vicyne) = {(e,nd)veybA{(e,ad)ve) =

c3A{®1Ad)ve}=c3A{h1ve)A(dVeH =cuA(dvd

llary. Let L be a distributive lattice. Then (N(L), <

3(L), <) and J(1), <) is a A-ideal of (B(L), <).
f. Follows from lemma 6 and theorem 9.

he remainder of this section we shall omit indication

ordering < on G(L), i.e., when we write @(L), we mean

rem 10. Let Fi (i > 0) be the free distributive latti
rators, with an (extra) zero and unit element adjoined
he Boolean algebra with 2j elements. For L distributiv
) = L and(_:i(L) =(-f(é,i_1(L)), (i > 0). Then we have: G
orphic with the direct union of J factors F. (cf. [TJ,

ion 10).

f. We wuse induction on 1.

(Bj) is clearly isomorphic with the direct union of j

dis-

tly.

DVE).

Y-ide

h i
B.(j >
3 Jd 2
define
is

er IX,

rs F




17

1)

since F, = B, -
Suppose Cl(B.) = F‘? (The direct union of two lattices L, » Ly is
denoted by L1 X L2, the direct union of j factors L is denoted by
LJ). In order to prove that @1 T(B ) = F‘J 1, we have to prove that
S(FJ) ~ FJ »

tributive lattices L

. However, it is easy to verlfy that for two finite dis-
1oLy e have (?(L1 x L2) = C(L1) x C(Lg). There-

: & = =/ .
fore, there remains the proof ofG(Fi) = F. .+ Let C = {f; eFi|a < £

< b} be an element of é(Fi), where a and b are finite joins of meets

>f the generators, say X5 X cees Xis of Fi' (Verification of the

2’
following argument in the case that a or b is the zero or unit ele-

nent of Fi is straight forward and is therefore omitted). We define

the isomorphism y: @(Fi) - Fi as follows: We introduce y(# X5 X

+1
vees Xi> as the i+1-th generator of Fi . Consider the element

o
+1

(bAy) va of F., .. It may be possible to "reduce" this element: E.g.,

let b = xrvx2,+;nd a =x,. Then (bAy)va = ((x1vx2)/\ VIV x, can
>e reduced to (x2/\ y)vx1. Clearly, however, each element (bAy)Va
1as an "ibFreducible" form. From now on we assume that all elements
»f F.,q, are in reduced form. We then define y(C) as (bay)va. We

+1
orove that ¢ is an isomorphism:

et C, = {f;eF. |a < f; <b} and C2z{fie F.le < £; < d}. Then:
2, NG, ={feF.|a/\c_<_fi_<_b/\d},and
1\/C = {f.e F,Jave < £, <bvd}.

l 1
pc)av(c,) = {(b/\y)Va}/\{(d/\y)Vc}
b/\d/\y) (andnay)v(bacay)viane)
p(c)vu(cy) = {(bay)valv{(aAay) ve}
Suppose y(C 1) = w(Cg). This means that (bAy)va = (dAy)ve.

(bAdAy)v(ance) = w(c1 NC,)

[(bva)anylv(ave) = v(c,v e,

"rom the irreducibility of (bAy)va and (dAy)VvVe, it follows that

1 =cand b = d. Hence, ¢ is 1-1.

1so, ¢ 1s onto: Each element of F. j4q can be written as (aAny)VvDb,

7ith a,b éFi. However, (any)yb is the image of the convex sub-

Lattice {fie Fi|b < fi < avb} of Fi' This follows from {(aVb)/\y}vb =
‘aAy) Vb,

This completes the proof of theorem 10.

= 1s used to denote isomorphism.
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k: Let K be the chain of n elements. We state without proof the

wing formulae:

'I’(li) be the number of elements of C(l)(Kn), i=1,2,3.
n
v = T (nmitt) = dn(ae),
n N
1=1
n
Y(2) = z (n_i+1)i2 = 1_ n(n+1 )2(n+2)
n i=1 12
n
Yr(13) = T;_ci ! (n-i+1)(8i6 + 2Li” + 35ih + 3013 + 171% + 6i).

ternary function in distributive relatively complemented lattices

‘em 11. Let L be a distributive relatively complemented lattice.

m L3 + L be defined as follows: f(a,b,c) is the relative comple-

of a in the interval ]:al\b, a \/c] . Then we have:

yjset C of L is an element of G(L) if and only if £(L,C,C)CC.

»
. e

ippose that f(L,C,C)<C. Clearly, f(c‘1,ce,c1) =c Acy,€C, and

c1,01,02) = c,vec,eC; hence, C is a sublattice. Also, if ¢, < x

1
Ch then x = f(x, c2,c1)€ c.

ippose Ce C(L). Let f(x, c,»¢c,) be an element of f(L,C,C).

5)
: prove that f(x, 01,c2)(abbreviated to x*) is an element of C.
> >
: have x A\x = x/\c1 and XYyxX = chg.

‘nce,
T=x vixac) = (X vE)a(x ve,) = (xvey)a(xve,) =
A Ve bvle,a (T ve )} = {(x A7) vixaey)} Ve, =

:ch)Vc3€C.

‘em 12. A set L is a distributive relatively complemented lattice

3

\d only if there exists a function f: L~ - L with the following

'rties: For all a,b,c,d,e<L:

f(a,a,a)
f(a,b,a) = f(b.a.b)
f(a,a,b) = f(b,b,a).

a .
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f(a,f(a,b,c), f(a,d,e)) = f(a,b,e),
1. f(a,f(b,b,c),a) = f(f(a,b,a), f(a,b,a), fla,c,a)).
2. f(a,a,f(b,b,c)) = f(f(a,a,b), f(a,a,b), fla,a,c)).

of .
The condition is sufficient.

We define aAb = f(a,b,a) and aVvb = f(a,a,b).

. The commutativity of A and V follows from P2.

.an(avb) = f(a, f(a,a,b),a) = f(a, f(a,a,b), fla,a,a)) =
f(a,a,a) = a, by P1, P3 and P1.

Similarly, av(aAnb) = a.
. In order to prove that aA(bAc) = (aAb)Ac, we have to s
that:
f(a, f(b,c,b), a) = f(f(a,b,a), c, fla,b,a)).
Let A = f(a, f(b,c,b), a) and B = f(f(a,b,a), c, f(a,b,a)).
First we prove that aAA = aAB and aVvA = aVB:
f(a,A,a) = f(a, f(a, f(b,ec,b), a), a) = f(a, f(b,c,b), a) by
f(a,B,a) = f(a, f(a,b,a), c, f(a,b,a)), a)
= f(f(a, f(a,b,a), a), f(a,c,a), f(a, f(a,b,a), a))
= f(f(a,b,a), fla,c,a), f(a,b,a))
= f(a, f(b,c,b), a) by Ph.1, P1 and P3, and Pk.1.
f(a,a,A) = f(a,a, f(a, f(b,c,b), a)) = a, by P1 and P3.
(
(
(

f(a,a,B) = f(a, a, f(f(a,b,a), ¢, f(a,b,a)))
= f f(aa a, f(aabsa))s f(a:aac)s f<aaaa f(asb,a)))
a

= f a, by P4.2, P1 and P3.

1]

9 f(a a, C), a)

The rest of the proof that A = B is standard:
A=AV(AAa) = AV(BAa) = (AVB)A(AVa)
= (AVB)A(Bva) = By(aAA) = BV(aAB) = B,

by application of P2 and PL.2.

For the proof of (avb)yc = ay(bve)we need the dual equal
of P4.1 and P4.2, i.e:
(1) f(a, f(b,b,c), a)
(2) f(a, a, f(b,b,c)) =

n
2
®
o
®
y

(asbsa)a f(a,c,a)) and
(a,a,b), fla,a,c)).

|
=
w
)
e
=
-
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) is established as usual:
(anb) vi(anc) = {(anb) vala{(aad)vel
A{(aab)vel = a/\{(aVc)/\(ch)}
fan (ave)ln(bve) =an(bve),

by the associativity of A and Pk.2.

To prove (2), we consider:
fav(ove)ln{(avp)viave)} =

[an{(avd)Vv(ave) ]\/[ch Aflavyd)v(ave)l] =
Haa(avd)lvian(ave)l]v(®Aa{(avd)v(ave)})v

(c {(avwv(aw)})] =av[({oalavd)lv { n(ave)})
v{ea(avp)lviea(ave))] = avl(v vipA(ave)}) v
({en avb}ve:|=av(b»/c)

and:

fav(bve)lAa{(avp)Vv (awve)} =

[{ (b ve)lA(avd)lv [{av (bve)la (ave)] =
avi(eve)avl]lvavi(bve)acl] =

(avb) v (awve).

Hence, a Vv(bwve) = (avb) v(ave).
Finally, the proof of the associativity of ¥ is now dual to

the proof of the associativity of A.
The distributivity of L follows from PL4.2 and (1).

Let a < ¢ < b. Then:
Af(c,a,b) = f(c, f(c,a,b),c) = f(c,a,c) = cAa = a and
vf(c,a,b) = f(e, ¢, f(c,a,b)) = f(c,c,b) = cV¥db = b,

ws, f(c,a,b) is the relative complement of ¢ in the interval
L,b:[ .

le condition is necessary.

't L be a distributive relatively complemented lattice. Let f(a,b,c)
» the relative complement of a in the interval [aAb, a\/c] .

len f(a,b,c) has the properties P1 to Ph.

» prove only P2.1 and P3.

.early, the relative complement of a in the interval [a/\b, a:[

i aAnb. Thus, f(a,b,a) = aAnb = baa = f(b,a,b).
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wrthermore, by the definition of f,

Af(a, f(a,b,c), f(a,d,e)) = aAf(a,b,c) = aAb and
Af(a,b,e) = aADb.
vf(a, f(a,b,c), f(a,d,e)) = a f(a,d,e) = ave and

Vvf(a,b,e) = ave.
snce, f(a, f(a,b,c), fla,d,e)) = f(a,b,e).

11s completes the proof of theorem 12.

lly we mention some properties of the function f that can be

fied directly from its definition:

f(b,a,a) = a.

f(a,b,f(a,b,c)) = f(a, f(a,b,c), c¢) = £( £( f(a,b,e),b,c),b,c) =
f(a,b,c).

f(f(a,b,c),b,c) = (anb)v(bac)vicAa).

f(a, f(b,c,d), f(b,e,g)) = f(b, f(a,c,e), f(a,d,g)).

rks:

r1e function f has been used to define Boolean algebra's and distri’
zlatively complemented lattices with zero in [3:] .

rom PT we see that the function f is related to the well-known
sarnary function (aAb)v(bAac)v (cana), which has been used for

re axiomatics of distributive lattices by several authors (these
avestigations started with ES:[; for recent results see [9]).

rom P3, P5 and P8 we see that f is one of the "selection functions
5 studied in ]:2] . In particular, if L is the Boolean algebra with
7o elements, then f coincides with the '"conditional Boolean ex-
ression" if a then b else c, as used in the programming language

LGOL 60 [8].
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